We consider simple connected graphs for which there is a path of length at least 6 between every pair of distinct vertices. We wish to show that in these graphs the cycle space over Z 2 is generated by the cycles of length at least 6. Furthermore, we wish to generalize the result for k-path-connected graphs which contain a long cycle.
Introduction
For basic graph-theoretic terms, we refer the reader to Bondy and Murty [3] . All graphs considered are simple (without loops or multiple edges). For a graph G, we use V (G) for the vertex set of G, E(G) for the edge set, and (G) = |E(G)|. For a set X ⊆ V (G), G [X] denotes the subgraph of G induced by X. For a path P, the length of P is (P ). If P has ends x and y, we call P an (x, y)-path. For u, v ∈ V (P ) with u preceding v on P, P [u, v] denotes the subpath of P from u to v. For a positive integer k, (x, y : k)-path is an (x, y)-path of length at least k . A simple connected graph is k-path-connected if between every pair of distinct vertices, there is an (x, y : k)-path. It is easy to see that every maximal 2-connected subgraph of a k-path-connected graph is itself k-path-connected, and we may E-mail addresses: abreu@unibas.it (M. Abreu), labbate@dm.uniba.it (D. Labbate), LockeS@fau.edu (S.C. Locke). 1 Supported by Florida Atlantic University.
therefore restrict our study to graphs which are 2-connected and k-path-connected. Given a subgraph H of G, d H (x, y) will denote the distance in H between x and y (i.e. the length of the shortest (x, y)-path in H). Recall that (G) is the (vertex) connectivity of G. A cycle is a connected, 2-regular graph. For a cycle C, the length of C is (C). The cycle space, Z(G), of a graph G is the vector space of edge sets of Eulerian subgraphs of G. A graph G is k-generated if the cycle space of G over Z 2 is generated by the cycles of length at least k.
Several authors have studied the relation between long paths, cycle space, k-pathconnectivity and k-generation of a graph. In particular, Bondy [2] conjectured that if G is a 3-connected graph G with minimum degree at least d with at least 2d vertices, then every cycle of G can be written as the symmetric difference of an odd number of cycles, each of whose lengths are at least 2d − 1, and Hartman [4] proved that if G is a 2-connected graph with minimum degree d, where G is not K d+1 if d is odd, then the cycles of length at least d + 1 generated the cycle space of G. Locke [6, 7] partially proved Bondy's conjecture and gave ideas to extend the results presented. Furthermore, Locke [5, 6] gave another proof of Hartman's theorem and together with Barovich [1] generalized that result by considering fields other than Z 2 .
Along this line, here we study k-path-connected and k-generated graphs. It has already been shown that every 5-path-connected graph is 5-generated [7] , and that every k-pathconnected graph is (k + 3)/2 -generated, for k 1. The dodecahedron is an 18-pathconnected graph but is only 17-generated [7] , so it will not be possible to prove in general that a k-path-connected graph is k-generated.
However, we wish to show that every 6-path-connected graph is 6-generated, and that in the presence of a long cycle every k-path-connected graph is (k + 1)-generated.
6-path-connected graphs
A 2-connected graph G is a k-generator if it is both k-generated and (k−1)-path-connected. In previous papers, it was established that any 2-connected graph which contains a kgenerator must itself be a k-generator [6] . For example, since a 9 + -cycle is 2-connected, 6-generated and 5-path-connected, every 2-connected graph which contains a 9 + -cycle is also 6-generated. Thus, we may restrict our studies to 2-connected, 6-path-connected graphs which have no cycle of length nine or longer. However, every 6-path-connected graph contains a cycle of length at least seven. Thus, there are two obvious cases: the maximum length of a cycle in G is either eight or seven. To avoid some messy details with the smaller cases, we shall assume that |V (G)| 9.
We use the term k + -cycle to refer to a cycle of length at least k. We prove two lemmas here, to consolidate some cases. A (k 1 , k 2 , k 3 )-theta-graph is the union of three pairwise internally disjoint (u, v)-paths P 1 , P 2 , P 3 , with (P i ) k i , for i =1, 2, 3. Call a 2-connected graph H an {s, t}-near-k-generator if H is k-generated, where k 3, there is an (s, t : k −2)-path in H, and for every pair of distinct vertices x, y ∈ V (H ) with {x, y} = {s, t}, there is an (x, y : k − 1)-path in H. 
, with {x, y} = {s, t}, and x before y on M, there is an (s, t :
and there is an (r i , s i : k − 1)-path in H, and therefore in F h . As in the q = 1 case, there is an
Proof. Let H be a (4, 3, 3)-theta-graph in G, let u and v be the vertices of degree three in H, and let P 1 , P 2 , P 3 be the three pairwise internally disjoint
Therefore, we may assume that M meets each of P 1 , P 2 , P 3 in an internal vertex. Thus, for some ordering
, then G contains a 9 + -cycle, and therefore contains a 6-generator. Thus, all choices of suitable subpaths of M between components of H − {u, v} must be edges with one end on P 1 − {u, v}, and there must be at least one such edge to each of P 2 − {u, v} and P 3 − {u, v}. Let P 1 = uy 1 y 2 y 3 y 4 v, P 2 = uw 1 w 2 v, and P 3 = uz 1 z 2 v. Interchanging the roles of u and v, if necessary, we may assume that there is an edge w 1 y q . We may also assume H has no 9 + -cycle, otherwise, H is a 6-generator. The path y q w 1 w 2 v can be no longer than P 1 y q , v , q 2. Since the path uw 1 y q can be no longer than P 1 [u, y q ], q 2. Hence q = 2.
Suppose that there is an edge z 2 y p . Then, p = 3. But then
is a 10-cycle. Therefore there is no edge z 2 y p , and the only remaining choice is that there is an edge z 1 y 2 . Let K = H ∪ {w 1 y 2 , z 1 y 2 }. We now show that K is a 6-generator. In fact, there are six 8-cycles in K, and it is easy to see that K is 8-generated. Finally, suppose that a (4, 4, 2)-theta-graph H has been chosen, consisting of three (u, v)-paths P 1 , P 2 , P 3 , with (P 1 ) 4, (P 2 ) 4, (P 3 ) 2. The cycles P 1 ∪ P 2 and P 1 ∪ P 3 form a basis for the cycle space, and thus H is 6-generated. Let s ∈ V (P i ) − {u, v}, t ∈ V (P j ) − {u, v}, where {i, j, k} = {1, 2, 3}.
Let Theorem 3. Let G be a 2-connected, 6-path-connected, graph with |V (G)| 9 and minimum degree at least 3. Then G is 6-generated.
Proof. Previously, it was established that if G has a 9 + -cycle then G is 6-generated. Let us suppose that G has a cycle of length eight,
If there is an (x i , x j )-path Q of length four, internally disjoint from C, then, by the maximality of C, |i − j | = 4. But then C ∪ Q is a (4, 4, 4)-theta-graph and, by Lemma 2, G is a 6-generator. Now suppose that wu ∈ E(G − R 0 ). There are disjoint paths R, S from {w, u} to V (C), meeting V (C) at distinct vertices x i , x j . Then, Q = R ∪ {wu} ∪ S must have length three, (R) = (S) = 1, and w, u ∈ R 1 .
Without loss of generality, i = 1 and 2 j 5. then H is a (4, 4, 3) theta-graph which by Lemma 2 is a 6-generator. Thus, j = 4. But then, H is a (5, 3, 3 )-theta-graph and G contains a 6-generator.
We may therefore assume that (G − V (C)) = 0. That is, every vertex is either on C or adjacent only to vertices of C. If v ∈ R 1 , then no two neighbors of v may be adjacent on C, nor may any two be at distance four along C. Thus, d(v) = 3 since the minimum degree is at least 3.
Then, N(v) ∩ V (C) = {x i , x i+2 , x i+5 }, for some i (subscripts modulo 8). Note that H = C ∪ {vx i , vx i+2 , vx i+5 } is 7-generated. Also, for any pair of vertices s, t at distance four on C, there are two paths from s to t through v with total length ten. At least one of these paths is an (s, t : 5)-path. For any other pair of vertices on C, there is an (s, t : 5)-path along C. For s ∈ V (C), there is an (s, v : 6)-path. Hence, H is a 6-generator.
Suppose G has a 7-cycle, but no 8 + -cycle. Let C = x 1 x 2 x 3 x 4 x 5 x 6 x 7 x 1 . By hypothesis, G has no vertices of degree two or less, thus, if
then vx j , vx j +1 ∈ E(G), for some j, and G has an 8-cycle. Thus, d(v) = 3, and N(v) = {x i , x i+2 , x i+4 }, for some i. Now, H = C ∪ {v} ∪ {vx i , vx i+2 , vx i+4 } is 7-generated. Also, for any pair of distinct vertices {s, t}, {s, t} = {x i , x i+4 }, there is an (s, t : 5)-path in H. Thus, H is an {x i , x i+4 }-near-6-generator. By Lemma 1, G contains a 6-generator.
Since |R 1 | > 0, this completes the proof for the case in which the longest cycle in G has length 7, and thereby completes the proof that any 2-connected, 6-path-connected graph with at least 9 vertices of minimum degree at least 3 contains a 6-generator.
In the following section, we provide a slight improvement of this result using a more general argument.
k-Path-connectivity and (k + 1)-generation
We offer some partial generalizations of the preceding argument. The basic goal is to prove that, with minimal restrictions, a k-path-connected graph with a long cycle must be (k + 1)-generated. As a starting point, we reiterate Corollary 1 of [6] in this light. If G is 2-connected, k-path-connected and has a cycle of length at least 2k − 1, then G is (k + 1)-generated. (We do not need the condition that G be k-path-connected here.) We examine the cases in which a k-path-connected graph has a 2k − 2 or a 2k − 3 cycle. 
Lemma 4. Let G be a 2-connected, k-path-connected graph and X be a 2-connected, (k−1)-
path-connected, (k + 1)-generated subgraph of G − Y k (X). If G contains an (X, k)-near- generator, then G − Y k (X) is (k + 1)-generated.
Proof. X satisfies all of the conditions of an (X, k)-near-generator, so there is at least one (X, k)-near-generator in G. We shall choose H to be a maximal (X, k)-near-generator in G − Y k (X).
Suppose there is an edge e ∈ E(G − Y k (X)) − E(H ), e = rs. There are disjoint paths R, S from {r, s} to V (H ), meeting V (H ) for the first time at r , s and there are disjoint paths R , S from {r , s } to {r , s } ⊆ V (X). There is an (r , s :
, then by hypothesis there is an (x, y : k)-path in H and hence in H .Next, suppose that x ∈ V (H ) and y / ∈ V (H ). Without loss of generality, x = r , there is an (x, r : k − 1)-path P 1 in H and an (r , y : 1)-path P 2 in {R} ∪ {e} ∪ {S}. Then, P 1 P 2 is an (x, y : k)-path in H . Finally suppose that x, y / ∈ V (H ). Then, there are disjoint paths P 1 and P 2 from {x, y} to {r , s } in {R}∪{e}∪{S}, and there is an (r , s : k−1)-path P 3 in H. Thus, P 1 ∪P 2 ∪P 3 is an (x, y : k)-path in H . Hence H =H ∪R ∪S ∪{e} is an (X, k)-near-generator, contradicting the choice of H. Thus G − Y k (X) is an (X, k)-near-generator, and is therefore (k + 1)-generated.
Before presenting the result, we recall the following definition. Let C be a cycle in a graph
If the length of C is even, then each vertex u ∈ V (C) has exactly one antipodal vertex v ∈ V (C) and the edge uv is called a diameter of C. If the length of C is odd, then each vertex u ∈ V (C) has exactly two antipodal vertices u , u ∈ V (C) and the edges uu and uu are called near-diameters of C. Given distinct vertices u, v, x, y ∈ V (C), such that the edges uv, xy / ∈ E(C), the edge xy is said to separate the pair {u, v} if the vertices appear in the order u, x, v, y or u, y, v, x on C. We call the edges uv and xy crossing. Proof. In C any two vertices that are not antipodal are connected by a k-path. Consider z and w, antipodal vertices on C. The two (z, w)-paths P and P containing uv and all the vertices of C have a total length (P ) + (P ) 2k, so at least one of P or P has length at least k. Apply the same procedure with the (u, v)-paths through xy to obtain a (u, v : k)-path. Hence, C ∪ {uv, xy} is k-path-connected. Proof. In C, any two vertices that are not antipodal are connected by a k-path. Consider z and w, antipodal vertices on C. Then u 0 u 2 or u 1 u 3 separates {z, w}. Suppose without loss of generality that u 0 u 2 separates (z, w), then the two (z, w)-paths P and P containing u 0 u 2 and all the vertices of C have a total length (P ) + (P ) 2k − 1, so at least one of P or P has length at least k. Hence, C ∪ {u 0 u 2 , u 1 u 3 } is k-path-connected. Proof. Let M be the union of C with three of these diameters (resp. pairwise crossing neardiameters). There are two cycles in M using all three diameters (resp. pairwise crossing neardiameters) and together using all of the edges of C, with total length at least (2k −3)+6. One of these, say W, has length at least k + 2. For any pair of diameters (resp. pairwise crossing near-diameters), there are two cycles in M using these two diameters (resp. pairwise crossing near-diameters), avoiding the third, and with total length at least (2k − 3) + 4. Thus, one of these two cycles, say F, has length at least k + 1. Then, F + W shows that we can obtain a cycle using exactly (any) one of the diameters (resp. pairwise crossing near-diameters), using only cycles in M with length at least k + 1. Thus, M is (k + 1)-generated, by Lemma 6 (resp. Lemma 8) it is k-path-connected, and hence a (k + 1)-generator.
Corollary 5. Let G be a 2-connected, k-path-connected graph with a cycle C of length
2k − 2 or 2k − 3. Let Y be the set of diameters or near-diameters of C. Then G − Y is (k + 1)-generated. If |Y | 1 then G is (k + 1)-generated. Proof. Let C be a (2k − 2)-cycle (respectively, (2k − 3)-cycle) in G. C is 2-connected, (k − 1)-path-connected and (k + 1)-generated in G since Y = Y k (C). If |Y | = 0, then by Lemma 4 G is (k + 1)-generated. If |Y | = 1 then let e = uv be the diameter (respectively, near-diameter) of C. Since G is k-path-connected,
Lemma 10. Let G be a 2-connected, k-path-connected graph with a cycle C of length 2k − 2. If C has exactly two diameters and if (G) 3 then G is
Proof. Let C be the 2k − 2 cycle in G and uv, xy its diameters. Without loss of generality we can suppose that the end vertices of the diameter appear in the order u, x, v, y on C. By deleting u and x, G is not disconnected, since (G) 3. So, there must be a path P from C [u, x] to C [x, u] ; this path will cross at least one of the diameters. Without loss of generality assume that it crosses uv. And P is not itself a diameter since G has only two. With a very similar proof to that of Lemma 9, C ∪ P is (k + 1)-generated. Therefore G is (k + 1)-generated.
Corollary 5, and Lemmas 9 and 10 characterize the extremal examples for a 2-connected graph G which is k-path-connected and has a (2k − 2)-cycle but is not (k + 1)-generated. The following example limits further improvement of these results.
A family of extremal examples: Let C be a (2k − 2)-cycle with labelled vertices {x 0, . . . x 2k−3 } and let G = C ∪ {x 1 x k , x k−2 x 2k−3 }. If k 7 then G is 2-connected, (k + 1)-path-connected, but not (k + 1)-generated.
Using the results of this section we can state that if a 6-path-connected graph has exactly 8 vertices and has an 8-cycle, then it is 6-generated. This follows since the graph is also 5-path-connected, so we only need to consider the two possible cases where the 8-cycle contains exactly two diameters. Therefore if there exists a graph G which is 2-connected and 6-path-connected but not 6-generated it must have one of the following properties:
(1) If the longest cycle in G is an 8-cycle, then (G) = 2, the minimum degree is exactly 2 and every 8-cycle has exactly two diameters.
(2) If the longest cycle in G is a 7-cycle, then each 7-cycle has at least two near-diameters, but does not have three pairwise crossing near-diameters.
